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Abstract. In previous work we determined automorphism groups of cyclic 
algebraic curves defined over fields of any odd characteristic. In this paper we 
determine parametric equations of families of curves for each automorphism 
group for such curves. 

1. Introduction 

Let Xg be an algebraic curve of genus g > 2 defined over a algebraically closed 
field of characteristic p 7^ 2. If an automorphism group of a algebraic curve has nor- 
mal cyclic subgroup such that the quotient space has genus zero, then such a curve 
is called a cyclic curve. We have studied automorphism groups of cyclic curves 
in |29| . where we have listed all automorphism groups as well as ramification sig- 
natures of corresponding covers. In this paper we give a corresponding parametric 
equation for each family in 

In the second section we briefly introduce basic facts on cyclic curves and their 
automorphism. Let G — Aut(A'g) automorphism group of given cyclic curve Xg, 
the reduced automorphism group is G := Aut{Xg) / (w) , where C„ — (w) such that 
g{X'^") = 0. This group G is embedded in PGL2{k) and therefore is isomorphic to 
one of Cm, Dm, ^4, >5'4, ^5, a semi direct product of elementary Abelian group with 
cyclic group, PSL{2,q), or PGL{2,q). Then, G acts on a genus field k{x). We 
determine a rational function (l){x) that generates the fixed field k{x)'^ in all cases 
cf. Lemma [TJ 

In section three, we determine the ramification signature a of the cover <I>(x) : 
Xg — ^ P-*^ with monodromy group G :~ Aut(A'g). Moduli spaces of covers $ are 
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Hurwitz spaces, which we denoted by "Ho-. There is a map $0- ; Ha -Mg, where 
Aig is the moduh space of genus g algebraic curves. The image of this map is 
a subvariety of A^g, which we denoted by H{G,(j). The dimension of H{G,a) is 
determined. Hence, we have 

We hst aU possible automorphism groups, their signatures, and dimension of the 
loci HiG, a). 

In the last section, we determine the equations of families of curves for a given 
group. Using the rational function (/>(a:) we are able to determine parametric equa- 
tion of each family H{G,(j). Since we know (j)(x), we can find the branch points 
and then determine the equation of the curve from these branch points. We list 
corresponding equations of families of curves which we have listed in section three. 

Throughout this paper we let 17 > 2 be a fixed integer, X a genus g cyclic curve, 
G = Aut(A') and C„ < G such that giX'^") = 0. 

2. Preliminaries 

Let Xg be genus g > 2 cyclic curve defined over an algebraically closed field 
k of characteristic p ^ 2. We take the equation of Xg to be y" = F{x), where 
deg{F) = 2g + 2. Let K := k{x, y) be the function field of Xg. Then if is a degree 
n extension field of k{x) ramified exactly at d = 2g + 2 places ai, oi k{x). 

Let G = Aut{K/k). Since k{x) is the only genus subfield of degree n of K, then 
G fixes kix). Thus Gal{K/k{x)) = (w), with w"- = I. Then the group G:=G/ {w) 
is called reduced automorphism group. By the theorem of Dickson, G is isomorphic 
to one of the following: Gm, Dm, A4, 5*4, A5, PSL{2,q) and PGL{2,q), or a semi 
direct product of elementary Abelian group with cyclic group, defined as 

-.^ {{aa,t\a eU„i}) , where Urn {a e k\{a ]J (a'"-5j)) = 0} 

j=o 

and t{x) = ^"^x, C7a{x) = x + a, for each a £U, bj € k* and ^ is a primitive 2TO-th 
root of unity; see [T^. Um is a subgroup of the additive group of k. 

The group G acts on k{x) via the natural way. The fixed field is a genus field, 
say k{z). Thus z is a degree |G| rational function in x, say z = (pix). The following 
lemma determines rational functions for all G; see 

Let (po : Xg ^ and : P^ — > P^ be covers which correspond to the extensions 
K/k{x) and k{x)/k respectively. Then, :— (j) o (pQ has monodromy group G :— 
Aut{Xg). By basic covering theory, the group G is embedded in the group Si, 
where I = deg^ip). There is an r-tuple a :— (CTi,...,CTr), where ai G Si such that 
CTi, CTr generate G and ai...ar = 1. The signature of $ is an r-tuple of conjugacy 
classes C := (Gi,...,Gr) in Si such that Ci is the conjugacy class of (7^. We can 
find the signature of ipo : Xg ^ P^ by using the signature of : P^ P^ and 
Riemann-Hurwitz formula. 

Moduli spaces of covers ip are Hurwitz space, which we denoted by Ha- There is 
a map ■ T-l-a M.g, where M.g is the moduli space of genus g algebraic curves. 
The image of this map is a subvariety of Mg, which we denoted by H(G, a). Using 
the signature of ip and Riemann-Hurwitz formula, one can find out dimension of 
'H{G, cr), which we denoted by 6. 
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We summarize all in the following Lemma: 

Lemma 1. Let k be an algebraically closed field of characteristic p, Ht a subgroup 
of the additive group of k with \Ht \ — p* and bj € k* , and G be a finite subgroup of 
PGL2{k) acting on the field k{x). Then, G is isomorphic to one of the following 
groups Gm, Dm, A4, S4, A,;,, U ^ C^, Km, PSL2[q) and PGL2{q), where q ^ p^ 
and {m,p) ~ 1. Moreover, the fixed subfield k{x)^ ~ k{z) is given by Table [Jl 



where 



= 2±i 
2 ■ 



Gase 



G 



Ramification 



1 Cm, {m,p) = 1 

2 D2m, {m,p) = 1 

3 A4,p^2,3 

4 ^4,^7^2,3 

r . / o q r (-x^"+228a;^°-494a:^"-228a:'^-l) 



a;^^-33a;° -333:^ + 1 

(:c^ + 14x"^ + l)^ 
Wd,(x(xi'-1)Y 



6 U 

7 Km 

8 PSL{2,q),p^2 

9 PGL{2,q) 



{x{x^"+2ix^ + l))^ 

Uix + a) 

aeHt 



P*-i 



ix n 



1 2±i 
{{x''~x)''-^+l) — 

(Xl-x) 2 



{m, m) 
(2,2,m) 
(2,3,3) 
(2,3,4) 
(2,3,5) 
(6,5) 

{mp* , m) 
[a, 13) 



{xi~x)i(<i-i'l 

Table 1. Rational functions correspond to each G 



(2a, 2/3) 



3. Automorphism groups and their signatures of cyclic curves 

As above G := G/Gq, where Go Gal{k{x,y)/k{x)). The following theorem 
determines ramification signatures and dimensions of S of H^G, a) for all G when 
p> 5; see |29] for details. 

Theorem 3.1. The signature of cover $(a;) : X and dimension S is given 

in Table\B In Table\M m = \PSL2{q)\ for cases 38-41 and m = \PGL2{q)\ for 
cases 42-45- 
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S(G, C) 



S, n, g 



2(g + n-l) ' 



(p, m) — 1 
Cm 



n < ff + 1 
n < g 



(m, m, n, . . . , n) 
(m, mn, n, n) 
(mn, mn, n, n) 



(p, m) — 1 
D2rr^ 



'.("-1) 



n < g + 1 
n < g 



(2, 2, TTij n, n) 
(2n, 2, m, n. n) 
(2,2, mn, n. . . . , n) 
(2n, 2n, m, n, .. ., n) 
(2n, 2, mn, n, n) 
(2n, 2n, mn, n, n) 



g-n + 1 

g-3n+3 

6(n-l) 
g — 2TI + 2 

B(n-l) 
g— 4n+4 

6(n-l) 
g-6n+6 



10 

11 

12 
13 
14 
IB 

16 
17 
18 
19 
20 
21 
22 

2a 



(S 7^ 
S ^0 



(2, 3, 3, n, n) 



(2, 3n, 3, n, . . 
(2, 3n, 3n, n, . 

(2n, 3, 3, n, .. 
(2n, 3n, 3, n, . 
(2n, 3n, 3n, n. 



n) 
,n) 
n) 



54 



12(n-l) 
S-2ra+2 

12(r.-l) 
g--5n + S 

3-9n+9 
12(n-l) 
g-Sn+i 
12(r.-l) 
g-12Ti + 12 



(2, 3, 4, n, ... 


,n) 


(2, 3n, 4, Ti, . . 


,n) 


(2, 3, 4n, n, . . 


,n) 


(2, 3n, 4n, n, . 




(2n, 3, 4, n, . . 


,n) 


(2n, 3n, 4, n, . 


..,n) 


(2n, 3, 4n, n, . 




(2n, 3n, 4n, n. 


...,n) 


(2, 3, 5, n, ... 


,n) 


(2, 3, 5n, n, .. 


,n) 


(2, 3n, 5n, n, . 


..,n) 


(2, 3n, 5, n, .. 


.,n) 


(2n, 3, 5, n, .. 


.,") 


(2n, 3, 5n, n, . 


■■,n) 


(2n, 3n, 5, n, . 


..,n) 


(2n, 3n, 5n, n, 


...,n) 



24 
25 
26 
27 
28 
29 
30 
31 



g-5.»+S 
30(n-l) 

g-15Ti + l5 
30(n-l) 
g-9n+S 
30(n-l) 

g-14Ti + 14 
30(n-l) 

.g-20n+20 
30(n-l) 

g-24T^ + 24 
30(71-1) 

g-30Ti + 30 
30(ri-l) 



32 
33 
34 
35 
36 
37 

38 
39 
40 
41 
42 
43 
44 
45 



p*(n-l) 
2g + np^ -p' 



(n, p) — 1, n|p* — 1 



(p , n, n) 

(np* , n, . . . , n) 



2(g + 7T-l) ~ 
mp^ (n, — 1) 
2g + 2n + p*-np'-2 _ ^ 



mp^ (n, — 1 ) 
2g + Ti,p^ — 
mp^ (n — 1 ) 
2g 

mp^ (n. — 1) 



1 



(m,p) = l,m|p* — 1 
(m, p) = 1, m|p* — 1 

(nm. p) = 1, Tim|p* — 1 
(nm, p) — 1, rim|p* — 1 



(mp* , m, n, n) 

(mp^ , nm, n, n) 

(nmp^ , m, n, n) 

(nmp^ , nm, n, n) 



2{g + n-l) - 



PSL2{q) 



2g + g(g-l)-Ti(g+l)(g-2)-2 



-l) + g^g^ 



g-i 

2 ' 



= 1 

= 1 
= 1 
= 1 



(a,/3,n,...,n) 
(cK,n/5,n,...,n) 
(na, /3, n, n) 
(na, n/3, n, n) 



25 

2g+g(g-l)- 



PGL2(9) 



Kg+i)(g-2)-2 



2g+ng(g 



-i)+g-<;"' 



(g - l,p) = 1 
(9 - 1,P) = 1 
(n(p - l),p) = 1 
(n(g-l),p) = l 



(2a, 2l3,n, n) 
(2a, 2n/3, n, ...,n) 
(2na, 2/3, n, n) 
(2na, 2n/3, n, n) 



Table 2. The signature of curves and dimensions 5 for char > 5 
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Remark 1. The above theorem gives signatures and dimensions for p > 5. We 
know that G ^ C,„, Dm, ^4, 'S'4, C/, Km, PSL{2, q), PGL{2, q) when p — 5 and G = 
Gm, Dm, A^tU, Km, PSL{2,q), PGL{2,q) when p = 3; see FTZy . All cases except 
G = A5 have ramification as p > 5. Hence signatures and dimensions are the 
same as p > 5 . However, G = ^5 has different ramification. Hence, that case has 
signatures and dimensions as in Table\3i 



Case 


G 


5(G, C) 


c = (Ci,...,a) 


a 
b 
c 
d 


A5 


g+n-i 1 
30(n-l) 
g+5n — 5 -i 
30(n-l) 
g+6n— 6 -i 
30(n-l) 

30(n-l) 


(6,5,n, ...,n) 
(6, 5n, n, n) 
(6n, 5, n, n) 
(6n, 5n, n, n) 



Table 3. The signature of curve and dimension 5 for G ^ ^5, p = 3 



The foUowing theorem determines the hst of all automorphism groups of cyclic 
algebraic curves defined over any algebraically closed field of characteristic p 7^ 2, 
details will be provided in [2Sn. 

Theorem 3.2. Let Xg be a genus g > 2 irreducible cyclic curve defined over an 
algebraically closed field k of characteristic char (fc) — p, G — Aut{Xg), and G its 
reduced automorphism group. If \G\ > 1 then is G is one of the following: 

(1) G ^ G™; Then, G ^ G™„ or {r,s\r" = l,s™ = l.srs'^ = r^) , {l,n) = f 
and l"^ = 1 (mod n). 



(2) // G ^ D2„, then G ^ x G„ or 
G4 =(r,s,t|r" = = 1,^2 l,(st)™ = l,srs-^ ^ r\trt-^ = r') 
G7 = (r,s,t|r" = l,s2 = rt,i2 ^ r^,(st)™ = l^srs'^ = r^trt'^ = r') 





where [1, 


n) 


— 1 and P = 1 (mod n) or 


G4 


= {■r,s,t\ 


r" 


1, = 1, = 1, (st)" = 1, srs-^ = r\trt-^ ^ r^) 


G5 


= {r,s,t\ 


r" 


= 1,5^ = r^,i2 ^ l,(st)" = l,srs"^ = r\trt-^ = r'=) 


Ge 


= {r,s,t\ 


r" 


= 1, §2 = 1, = 1, (st)" = , srs^i = r\trt-^ = r'') 


G7 


= {r,s,t\ 


r" 


= l,s2 = r*,i2 ^ r^, (st)™ = l,srs-^ = r^ ,trt-^ ^ r^) 


Gs 


= {r,s,t\ 


r" 


= l,s2 = r^,i2 = l,(si)" = r*,srs-i = r',trt-i = r'') 


Gg 


= {r,s,t\ 


r" 


= 1, = r^,t^ = r'S', (si)™ = r^, srs"^ = r\trt^^ = r^ 




where {I, 


n) 


= 1 and P = f (^mod nj, {k,n) — 1 and fc^ = 1 (^mod nj. 



(3) IfG = Ai and p 7^ 2, 3 i/ien G A4 x G„ or 

G'lo = (r, s, t\ r" = 1, = l,t^ = 1, (st)^ = 1, srs"^ r, tri"^ = r') 
G12 = (r, s, t| r" = 1, = 1, = r t , (st)^ = r? , srs~i = r, trt^^ = r') 
where {I, n) — 1 and l'^ = 1 (mod n) or 
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(r, s, t| r" — 1, = r'i — r'i , (si)^ — r'i , srs ^ — r, trt ^ ~ r), or 

Gio = (r, s, t\ r" = l,s^ = 1, = 1, {stf = 1, srs'^ = r, trt'^ = r'=) 
Gi3 = (r, s, t| r" = 1, = , = 1, (st)^ = 1, srfi-^ = r, irt^^ = r'') 
where {k,n) — 1 and fc"^ = 1 (mod n). 

(4) IfG^Si and p 7^ 2, 3 i/ien G ^ 5*4 x C„ or 

G16 = (r,s,t|r" = l,s^ = = 1, (si)* = l,srs-i = r^trt''^ = r) 
G18 = (r, s,t|r" = 1,5^== l,t^ = 1, [st)^ = r*,srs"i = r\trr^ = r) 
G20 =(r,s,t|r" = l,s2 ^ rt,t3 ^ l,{stf = l,srs"i = r',tri"i = r> 
G22 = (r, s,t|r" = 1,5^ = rt,t^ = 1, (st)* rT,srs"^ = r\trt^^ = r) 
where {l,n) = 1 and P = 1 (mod n). 

(5) IfG^A^ and p^2,5 then G ^ A5 x C„ or 

(r, s, t\ r" = 1, , f"^ ^ ,,7 ^ (g^^s ^ ^ ^^^-i ^ j,^ ^^,^-1 ^ 

(6) IfG^U then G = U x C,, or 

(r, si,S2, ■•■,st|r" = = = ••• = = l,SjSj = SjSj,SirSj^^ = 7-', 1 < i, j < i) 
where {l,n) — 1 and = 1 (mod n). 

(7) //G = if™ then G r, si, st, z;|r" = = ... = sf = = l,SiSj 
SjSi,vrv^^ = r,Sirs^^ — r\sivs~^ — < i,j < t > where {l,n) — 1 
and P = 1 (mod n), {k,ni) = 1 and = 1 (mod m) or 

G35 = (r, si, ...,st|r"™ = = ■■• = = l,SiSj = SjSi, Sirs^^'^ = r\ 1 < i,j < t) 

where (/, nm) = 1 and 1^ = 1{ mod nm). 

(8) //G ^ PSL2{q) then G ^ PSL2{q) x G„ or 5X2(8). 

(9) // G ^ FGL(2, q) then G ^ FGL(2, q) x G„. 

Proo/. See Eg. □ 

4. Equations of curves 

The group G is the monodromy group of the cover : — > with signature 
((Ti, 0-2, fs) as in section 2. We fix coordinates in P-^ as x and z respectively and 
from now on we denote the cover : P;^ — > Pj. Thus, z is a rational function in x 
of the degree |G|. We denote by gi, 52, 93 corresponding branch points of cf). Let S 
be the set of branch points of $ : A'g — > P^. Clearly 51,92,93 G 5. Let y" = /(a;) 
be the equation of Xg and be the images in P;|, of roots of f{x) and 

V■.^(jr\q^)■ 

i=l 
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Let 



Then we have 



where ^(a;),T(x) g k[x]. 



T{x) 



~ T(x) 

for each branch point qi, i = 1,2,3, where r(a;) € k[x]. Hence, 

r(a;) = ^-(2;) - q, ■ T{x) 

is degree \G\ equation and multipUcity of all roots of r(a;) correspond to the rami- 
fication index for each g,. Now we define the following three functions: 



(1) 



^{x)-qi-T{x) 
^{x) - 92 • T{x) 
■^{x) - 93 • T[x) 



where superscript denote the ramification index of g^. Clearly, 4'~^{S\{qi,q2, qz}) C 
W. Let A S S \ {qi, 'i'2i '?2}- The points in the fiber 0~^(A) are the roots of the 
equation: 



(2) 



Let 



(3) 



G{x) 



■^{x) - X ■ T(x) = 



n {^{x)-X-T{x)) 

XeS\{qi,q2,q2} 



There are following cases and corresponding equations of the curve y" = f{x) 
for each fixed 6. 





Intersection 








/(^) 






1) 


Fn = 








G{x) 






2) 


F n = 0- 








tp(x) 


G{x) 




3) 


F n = 0~ 








X{x) 


G{x) 




4) 


F n = 0- 


His) 








G(x) 




5) 


F n = 




U<j 


^-'{12) 


(p{x) 


X{x) 


G{x) 


6) 


Vf^w^(t>- 




U<j 






ip{x) 


G{x) 


7) 


vnw ^4>- 




U<j 




(p{x) 


ip{x) 


G{x) 


8) 


vnw = 4>- 






h-\q2)\Ji 


-^(ga) ip{x) 


X{x) 


i^{x) ■ G{x) 



The following theorem gives us equations of families of curves for automorphism 
groups which are related to Theorem 13.11 and Theorem 13.21 



Theorem 4.1. Let Xg be a genus g > 2 cyclic curve with Aut{Xg) = G, where G 
is related to the cases 1-45 in Table\^ Then Xg has an equation as cases 1-45 in 
Table\^ 



Proof: We consider all cases one by one for the reduced automorphism group G. 
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# 


G 


= fix) 


1 

2 
3 


Cm 


x™* + aia;"'(*-i' + • • • + asx"' + 1 
a;™"* + aix"''-^-^^ + ■■■+ asx"' + 1 
x{x"'^ + aix"''-^-^^ +■■■+ asx"' + 1) 


4 
5 
6 
7 
8 
9 




Fix) i^n'-il^'^ + ^^a^^ + l) 
(x™ - 1) • F{x) 
X ■ F{x) 

xix"' - 1) • F{x) 
x{x^"' - 1) • F{x) 


10 
11 
12 
13 
14 
15 


Ai 


G{x) := ULiix^^ - - 33a;8 + 2XiX^ - 33a;4 - A.x^ + 1) 
(a;4 + 2^^/3x2 + 1) • G{x) 
ix^ + Ux* + 1) ■ Gix) 
x(x^ - 1) • G{x) 
x{x'^ - l){x^ + 2iV3a;2 + 1) . Gix) 
xix^-l)ix^ + lAx^ + l)-Gix) 


16 
17 
18 
19 
20 
21 
22 
23 


5*4 


Mix) 
Six) ■ Mix) 
Tix) ■ Mix) 
Six) ■ Tix) ■ Mix) 

Rix) ■ Mix) 
Rix) ■ Six) ■ Mix) 
Rix) ■ Tix) ■ Mix) 
Rix) ■ Six) ■ Tix). Mix) 


24 
25 
26 
27 
28 
29 
30 
31 




Aix) 

{xix^° + 11x5 _ . 

(a;20 _ 228x^^ + AMx^° + 228x^ + l){xix^" + Ux^ ~ 1)) ■ A{x) 
(r'^O _ 228t^5 + 4q4T^° + 228t''' + 1 • AI't'I 
Qix)-Aix) 
xix^° + Ux^ - l)-ipix) ■ Aix) 
ix^° - 228a;i5 + 494a;i° + 228a;5 + 1) • ipix) ■ A(x) 
(a;20 - 228x^-' + 494x1° + 228^^ + l)(x(xi° + llx^ - 1)) • ipix) ■ A(x) 


32 
33 


U 


Bix) 
Six) 


34 




Qix) 


35 

Oct 
36 


Km 


xnjjf (^"-fe.)-e(x) 
e(x) 


37 




xY\~^ ix'^ - b,) ■ Qix) 


38 
39 
40 
41 


PSL2{q) 


A{x) 

((X9-X)9-1 + 1)-A(x) 

(x« - x) ■ Aix) 
(x« - x)iixi - x)i-^ + 1) ■ A(x) 


42 
43 
44 
45 


PGL^iq) 


n{x) 

((x« - x)9-i + 1) • r2(x) 
(x« - x) ■ nix) 

{xi - x)((x« - x)9-i + 1) • n{x) 



Table 4. The equations of the curves related to the cases in Table [2] 
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4.1. G = Cm- Then, </) : — > has signature {m,m). We identify the branch 
points of (j) are and oo. Let qi = oo, q2 = 0. By Lemma [U we know that 
(j>{x) = X™. Hence (p{x) = 1 and x{x) = ^- Let e S \ {0, oo}. The points in the 
fiber (j)~^{Xi) are the roots of the polynomial 

Now we can compute equations for the cases 1-3 in Table 01 li W OV = then 
the equation of the curve is = G{x) where 

<5 

G{x) = 1[GM 
1=1 

and S is as case 1 in Table [5J Let ai, ...,as denote the symmetric polynomials in 
Ai, Xs- Further we can take Ai...A5 = 1. Hence the equation of the curve is 

y =x + aix ^ ' + ... + asx +1 

If n = (f>~^{qi){i.e. case 2 in Table |3]) then we know that the equation is 
= (p{x).G{x). Hence the equation is 

where S is as case 2 in Tabled liVnW ^ (j)-^{qi)U<j)-^{q2) (i.e. case 3 in Tableg]) 
then the equation is y" = ip{x).xix).G{x). Hence 

y — x{x + aix ^ '+... + asx +1) 

where 6 is as case 3 in Table [21 

4.2. G = D2,n- Then, : P^ ^ P^ has signature (2,2,m). The branch points of 
4>{x) are oo and ±2. Let qi = oo, q2 = 2 and q^ = —2. By Lemma[Tl we know that 

0(a;) =:e'" + — . 

Since — 2 ~ and + 2 = -^^^-j^^, (^(2:) = a;, x(a;) = x™ — 1 and 

■0 = + 1. In this case we have G{x) as below. 

G{x) = n(^'" - ^^^^ + 1) 

where Xi E S \ {0, ±2} and 6 is as corresponding case in Tabled Then each family 
is parameterized as cases 4-9 in Table |H 

4.3. G ^ A4. Then, (/) : P^ ^ P^ has signature (2,3,3). We choose branch points 
qi = 00, q2 = GiVS, and qs = —6i\/3, where — —1. We know that 

^, , a;i2 - 33x*^ - 33a;4 H- 1 

^(^) = ^2(^4 _ 1)2 ■ 

Thus the points in the fiber of (71, (72, 93 are the roots of the polynomials: 

(p{x) = x{x* — 1) 

X{x) = x^ - 2iV3x^ + 1 

V'(x) =x'^ + 2iV3x'^ + 1 
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Let Ai S S \ {oo,±6i\/3} then points of (j)^^{Xi) are roots of the polynomial 
Gx^{x) = x^'^ ~ A,x^° - 33a:* + 2\x^ - iix^ - XiX^ + 1 

There are S points in S \ {oo, ±6i-\/3}- Hence, we have 

s 

G{x) = n(^^^ " " ^^'^^ + 2A,a;6 - 33a;^ - A.x^ + 1) 

i=l 

Then, each family is parameterized as cases 10-15 in Table |4j where 5 is as corre- 
sponding case in Table [2] 

4.4. G = Si. Then, (/) : ^ has signature (2,3,4). The branch points of (t>{x) 
are {0, l,oo}. Let qi = 1, q2 — and (73 = 00. Then 

^p{x) = - 33x** - 332;-* + 1 

X{x) ^x^ + lAx^ + 1 

■0(a;) — xix"^ — 1) 

For A; G S \ {0, 1,00}, the points in (f>~^{\i) are roots of the polynomial 
Ga, (x) =x^^ + Xix"^^ + (759 - 4Ai)a;^^ -I- 2(3A, + I22%)x^^ 
+ (759 - 4A,)a;* + X^x"^ + 1 

There are 5 points in S'\{0, 1, cx)}, where 5 is given as in Table [2j We denote 

s 

M{x) ■.= Y[GxM 

i=l 

Then, each family is parameterized as cases 16-23, where R{x) , S (x) , T (x) are 
(/3(x), x(a;), "0(2;) respectively. 

4.5. G = A5. The branch points of ^ : P^ -J> P^ are 0, 1728 and 00. Let qi = 0, 
(72 = 00 and qs = 1728. At the place q^ = 1728 the function has the following 
ramification 

, , , ^ „„„ (x^° + 522x25 - 10005x2" - 10005x1" - 522x5 ^ ^^2 

(^(x) - 1728 = r7—r7\ R — 

' x5(xio + 11x5 - 1)5 

Then, 

ip{x) = x^" - 228x^5 4943.10 228x5 + 1 
X(x) = x{x^° + 11x5 _ 

^{x) = x^" -I- 522x^5 - 10005x2° - 10005xi" - 522x5 _^ 

For each A^ e S \ {0, 1728, 00} the places in (j>~^{Xi) are the roots of the following 
polynomial 

Ga.(x) ^^x^° + (684 - Ai)x55 - (55Ai + 157434)x50 - (1205A, - 12527460)x''5 

- (13090A, + 77460495)x4° -I- (130689144 - 69585A,)x35 
+ (33211924- 134761A0x^° + (69585A, - 130689144)x25 

- (13090A, + 77460495)x2° - (12527460 - 1205Ai)xi^ 

- (157434 + 55Ai)xi° + (Ai - 684)x5 - 1 
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Then, 



s 

i=l 

Then equations of the curves are as in cases 24-31 in Table IH where Q{x) = %}j{x 



4.6. G = U. The branch point of the curve (j) is {oo}. Let qi — oo. Then 1^5(2;) = 1. 
For each G S'\{oo} wc have 

Gk{x)= n {x + a)-X^ 
aeHt 

There are 6 points in S'\{oo}. Where 6 is as in Table [2] We denote 

s 

1=1 

Then, each family is parameterized as cases 32-33. 

4.7. G = K„i. The branch points of the curve (j) are {0, 00}. Let qi = 0, q2 = 00. 
Then the polynomial over the branch point is 

^{x) ^xf[{x"^- b,) 
X{x) = 1 

For Xi e S\{0, 00} we have 

Ga.(x) = ((x n(x'"-6,)r-A0 

i=i 

There are 5 points in 5'\{0, 00}. Where 5 is as in Table [21 We denote 

5 

&{x)^l[G,.M 

i=l 

Then, each family is parameterized as cases 34-37. 

4.8. G = PSL2{q). The branch points of 4){x) are {0, cx)}. Let qi = 0, (72 = oo. 
Then 

ip{x) = - xf-^ + 1 
x{x) — x"^ — X 

For Xi £ S\{0, 00}, points in (/)~^(Ai) are roots of the polynomials, 
GxM = (((.T« - xy-' + 1)^ - h{x^ - xY-^) 

There are 5 points in S'\{0, 00}. Where 5 is as in Tabled We denote 

s 

Then, each family is parameterized as cases 38-41. 
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4.9. G = PGL2{q). The branch points of (j){x) are {0,00}. Let qi — 0, q2 = 00. 
Then 

(^(x) = {x'> - xy-^ + 1 

x{x) — x'' — X 

For \i E S'\{0,oo}, points in (/)^^(Ai) are roots of the polynomials, 
Then we let, 

5 

n{x) = Yliiix" - xy~^ + 1)9+1 _ ^^(^9 _ 

i=l 

where 6 is gives as Tabled Then, each family is parameterized as cases 42-45. This 
completes the proof. 

□ 

Remark 2. By Remark{^ we know that has different ramification when p = 3. 
In this case (f) has signature (6, 5). The branch points of 4>{x) are 00 and 

0. Let qi — 00 and q2 ~ 0- By Lemma{^ we know that 

jx^' - I f 
'^^^'^ (a;(a;io + 2ia;5 + l))5' 

Then, 

ip{x) = x{x^° + 2ix^ + 1) 
X{x) = - 1 

For \j £ S \ {0, 00}, the points in (/)^i(Aj) are roots of the polynomial 

Gx^ {x) = x^° + Xjx^^ - (6 + miXj)x'^° + 35Xjx'^^ + (15 + AOi\j)x^° + 30XjX^^ 

- (20 - 68iXj)x^° + SOXjx'^^ + (15 + AOiXj)x^° + 35XjX^^ 

- (6 + lOiXj)x^° ~ Xjx^ + 1 

There are S points in S \ {0,oo}, where S is given as in Table\^ We denote 

s 

P{x) -.^WGx^ix) 
Then, each family is parameterized as in Table [3 



Case 


yn ^ 


a 


P{x) 


b 


x{x^° + 2ix^ + 1) • P{x) 


c 


(xio - 1) • P{x) 


d 


x{x^° + 2ix^ + l)(a;io - 1) . P{x) 



Table 5. Equation of curve when G = As, p ~ 3 
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Lemma 2. Let Xg he a cyclic curve defined over an algebraically closed field k of 
characteristic p — i such that G for Xg is isomorphic to A5. Then, the equation of 
Xg is as in one of the cases in Table O 

We summarize all the cases in the following Theorem. 

Theorem 4.2. Let Xg be e genus g > 2 algebraic curve defined over an algebraically 
closed field k, G its automorphism group over k, and H cyclic normal subgroup of 
G of order n such that g[X^) = 0. Then, the equation of Xg can be written as in 
one of the following cases: 



# 




y" = f(x) 


1 






x™* + aia:™<''^^) + ... + a^x"^ + 1 




2 


C,„ 




i'""* + aix™-^^~''-'> + ... + a^x™- + 1 




a 






xix"^^ + aia;'"<''~l' + ... + a^x"' + 1) 




4 






■- nt-l(^'-"^ + ^i^" + 1) 




5 






(^"^ - 1) • F(^) 




6 






X ■ F{x) 




7 






(^2™ _ . ^(^j 




8 






xlx"^ - 1) ■ F{x) 




9 






x(x^"^ - 1) ■ F(x) 




10 






^1(3;^^ - Xix'-" - 33x'* + 2\ix'' - 33a:* - A^a:^ + 


1) 


11 




(a:* + 2iV3x^ + 1) ■ G(x) 




12 


Ai 




(x* + 14a:'* + 1) ■ G{x) 




IS 






x(a:* - 1) ■ G(x) 




14 






x(x'^ - l){a:* + 2i^x^ + 1) • G{x) 




15 






x{x^ - l){x^ + 14a:* + 1) ■ G{x) 




16 






M(x) 




17 






(^x^ + 14a:* + 1^ • M(x) 




18 






x{x^ - 1) ■ M{x) 




19 






(i* + 14a:* + 1) • x{x* - 1) ■ M {x) 




20 


Si 




{^x'^^ - 33x^ - 33a;* + l) ■ M{x) 




21 






- 33x^ - 33a;* + l) ■ (a;'^ + 14a;* + l) ■ M{x) 




22 




(i^^ - 33x^ - Six"- + 1) ■ x{x'^ - 1) ■ M(x) 




23 




(x^^ - 33x^ - 33a:* + l) ■ (x^ + 14a;* + l) • x(x'^ - l)M(x 




24 






A{x) 




25 






(x{x^° + llx^ - 1)) ■ A(a;) 




26 




{x^° - 22Sx 


1^ + 4943:1" + 228x^ + l){x(x^° + llx^ - 1)) ■ A( 


x) 


27 




(x 


2" - 22Sx^^ + 494a;l" + 22Sx^ + 1) • A(a:) 




28 


As 




Q{x) ■ A(x) 




29 






x(x''-° + 11a;'' - l).il:(x) ■ A(x) 




30 




(x^° 


- 22Sx^^ + 4943:1" + 22Sx^ + 1) ■ Tp(x) ■ A(x) 




31 




(x^° - 228a;lS 


f 494a:l'' + 228a:^ + l){a;(a:l'' + lla;^ - 1)) ■ ^(x) 


A(x) 


32 


U 




B(x) 




33 






B(x) 




34 






e{x) 










p'-l 




35 


Km 




^Hj-'? {x"^ - bj) ■ e(x) 




36 






0(x) 










p'-l 




37 






^n,-" (a:" - 6j) • e(a:) 




38 






A(x) 




39 


PSL2(q) 




{{x1 - x)1-^ + 1) ■ A(a;) 




40 






{x1 - x) ■ A{x) 




41 






(a:' - a:){{a;'' - a:)'"! + 1) ■ A(;e) 




42 






n(a:) 




43 


PGL2(q) 




((a:9 - a:)9-l + 1) ■ n{x) 




44 






{x1 - x) ■ n(x) 




45 






[xl - a;)((a:9 - ;e)9~1 + 1) ■ n(x) 





Table 6. The equations of the curves related to the cases in Table [2] 



where 5 is given as in Table and M, A, Q, B, A, and i7 are as follows: 
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S 

M=Y[ (a;^^ + Xix'^° + (759 - 4Xi)x^^ + 2{3Xi + 1228)a;i2 

i=l 

+ (759 - 4A,)a;^ + X^x^ + l) 
A = JJ (-a;^° + (684 - Xi)x^^ - (55Ai + 157434)a;^° - (1205Ai - 12527460)a;' 

- (13090Ai + 77460495)a;*° + (130689144 - 69585Ai)a;^^ 
+ (33211924- 134761Ai)a;^° + (69585Aj - 130689144)a;^^ 

- (13090Aj + 77460495)a;^° - (12527460 - 1205Ai)a;^^ 
-(157434 + 55Aj)a;^° + (Aj - 684)a;^ - l) 

Q =x^° + 522x^^ - 10005a;^° - 10005a;^° - 522a;^ + 1 

5 

A =[](((x« - + 1)^ - Ai(x« - x)^) 

i=l 

5 

=[|(((X« - + 1)«+1 - X^{X^ - X)"*"-^)) 

i=l 
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